
Review Article

Fractal Geometry and Nonlinear Analysis in Medicine and Biology

Fractal Geometry and Nonlinear Anal in Med and Biol, 2016        doi: 10.15761/FGNAMB.1000139  Volume 2(3): 1-5

ISSN: 2058-9506

From normal to leukemic cells featured by a fractal scaling-
free analysis
Gabriele A. Losa*1  

1Institute of Scientific Interdisciplinary Studies, Locarno, Switzerland

Correspondence to: Gabriele A. Losa, Institute of Scientific Interdisciplinary 
Studies, Locarno, Switzerland and The Fractal Lab Journal, Fellow European 
Academy of  Sciences, E-mail: gabriele.losa@bluewin.ch 

Received: October 24, 2016; Accepted: December 20, 2016; Published: 
December 23, 2016

Introduction
The living world encompasses an immense diversity of forms and 

structures, most of which are generated by irregular morphogenetic 
processes. The functional and metabolic phenomena which take 
place in living organisms follow non-linear dynamics, rather than 
the linear law of cause and effect, are irreversible and occur far from 
thermodynamic equilibrium [1]. Living organisms dissipate energy to 
ensure an alternation between self perpetuation far from the chaotic 
state, where entropy is greatest, and their functional and morphological 
configuration. Morpho-ultrastructural features and enzymatic-
metabolic processes appear to be highly organized and correlated 
through a complex system of interactions. This enables organisms to 
tolerate a wide spectrum of intracelluar modifications pertaining to 
physiological events and hence to sustain their capacity for the adaptive 
response. The words of Johann W. Goethe (1787) are noteworthy in 
this context: “A tree is a living being which develops a series of organs 
consecutively in time which form links with each other and with the 
entire organism, from a unique and identical morphogenetic idea”. In 
contrast to the traditional vision based on concepts of homeostasis, 
linearity and reversibility the more recent epistemological approach 
to Nature is based on a set of coherent principles provided by chaos 
[1] and by the development of fractal geometry in this century [2]. 
Both fields have provided a new mathematic language which makes 
it possible to assess and describe morphological structures with 
complex qualitative properties, such as nonlinear physiological and 
tumoral phenomena in living organisms [3-7]. This runs counter to 
the conventional Euclidean approach, which is mainly suitable for 
describing ideal geometric bodies and linear phenomena, and is a 
break with Aristotelian assumptions. It has been argued that the design 
principle for living organisms follows fractal rules [8]. Over the last 
decade a large amount of experimental evidence has been accumulated 
showing that in biological tissues, fractal patterns or self-similar 
structures can be observed only within a “scaling window” of the length 
measurement which has to be established experimentally [9]. Within 
this window, experimental data sets show that the fractal dimension 
[FD] remains constant despite changes in magnification [10]. The 
fractal approach has already been used to characterize morphologic 
components and cellular ultrastructures such as the appearance of 
nuclear eu-and heterochromatin in hepatocytes [11], mesothelia 
cells [12], lymphocytes [13], epithelial cells under hormones and 
growth factors [14] and during the onset of apoptosis or programmed 
cell death [15-17]. The need to go beyond subjective descriptions in 
immunology, morphological oncology, physiology, pathology and for 
diagnostic purposes has led to the adoption of the fractal approach to 
resolve optical microscopic images [18-21], to quantitatively describe 
morpho-histological and cytological features in breast cancer [22,23], 
in the diagnosis of prostate, oesophagus and colon lesions [24], in 

skin diseases such as mycosis fungoides and chronic dermatitis [25] 
and in several other neoplastic conditions, such as squamous cervical 
epithelioma [26], malignant mesothelioma [27], metastatic lung 
adenocarcinoma [12], prostatic carcinoma [28] and other cancers [29]. 
Previous records of physiologic and pathologic states have been used 
to illustrate the structural and functional complexity of a variety of 
cells and tissue organelles submitted to a variety of exogenous factors, 
stimuli and environmental constraints [30]. A specific comment may 
deserve the human brain, in reason of its anatomical-morphological 
and functional complexity [31]. Not so long ago there was no analytical 
method able to objectively describe the complexity of biological 
systems such as the brain [32]. The intricacy of mammalian brain folds 
led Mandelbrot to argue that “A quantitative study of such folding is 
beyond standard geometry, but fits beautifully in fractal geometry”. At 
that time however, there was no certainty about the brain’s geometry 
or about neuron branching. Experimental evidence that the complexity 
of the plane-filling maze formed from dendrites of neural Purkinje cells 
of cerebellum was more reduced in non-mammalian species than in 
mammals led Mandelbrot to comment: “It would be very nice if this 
corresponded to a decrease in D (fractal dimension), but the notion that 
neurons are fractals remains conjectural” affirmed Mandelbrot in his 
masterpiece [2]. Since then, a wealth of investigations have documented 
the fractal organization of the nervous tissue, the connective and 
immune system and the complex interactions occurring among 
distinct cellular elements with functional mechanisms of the brain. 
[33]. A substantiating example might lie in a study that ascertained 
that the recruitment of T-lymphocytes and the activation of microglia 
are strongly involved in the maintenance of hippocampal neurogenesis 
and spatial learning abilities in the adult brain. CNS-specific T cells 
were also found to be required for memory and for the expression of 
brain-derived neurotrophic factor in the dentate gyrus, implying that a 
common immune-associated mechanism underlies different aspects of 
hippocampal plasticity and cell renewal in the adult brain [34.]

The conception of fractal geometry
Fractal geometry is a branch of mathematics much appropriate 

for describing  complex  natural and living phenomena. Not only it 
includes but goes beyond the Euclidian geometry formulated twenty-
two centuries ago that pertained only to artificial and cultural realities. 
Fractal geometry was conceived in the last century and mainly 
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developed by Benoit Mandelbrot in his masterpiece < The Fractal 
Geometry of Nature >. It provided a ground-breaking and innovative 
epistemological framework for interpreting the real life and the 
natural world in a way that avoids any subjective view. Founded upon 
a body of well-defined laws and coherent principles, including those 
derived from chaos theory, fractal geometry allows the recognition 
and quantitative description of complex irregular shapes, living forms, 
biologic tissues, and organized patterns of morphologic features 
whose dimensions are characterized by fractal / non-integer values. 
Fractal elements correlated through a broad network of functional 
interaction and metabolic processes that shapes adaptive responses 
and makes the process of life possible, and are the results of an iterative 
or recursive construction using corresponding algorithm. Obviously, 
this is in opposition to the conventional vision based on Euclidean 
geometry and widely adopted concepts, such as homeostasis, linearity, 
smoothness, and thermodynamic reversibility, which stem from a 
more intuitive, but artificially ideal, view of the reality. It follows 
that fractal analysis represents a non traditional mathematical and 
experimental method derived from Mandelbrot’s theory, and recently 
reviewed by underlying the relevance of power law relationships in the 
path to Fractals [35]. Although Mandelbrot’s famous seminal paper 
on statistical self-similarity and fractal dimension dates back to sixty 
years of the last century [36] and the first coherent essay on fractal 
geometry was published about fourthy years ago [37], it is worth here 
recalling exactly how and when the ‘‘heuristic introduction’’ of this 
innovative discipline occurred or, more vividly expressed, when ‘‘the 
irruption of fractal geometry’’ into the life sciences such as biology and 
medicine actually took place [38]. Although there no precise date can 
be given, it is generally agreed that fractal geometry was introduced 
during the ‘‘golden age’‘ of cell biology, namely between the 1960s and 
1990s, under the impulse of Swiss and French groups [5,39]. It was 
discovered that biologic elements, unlike deterministic mathematical 
structures, express statistical self-similar patterns and fractal properties 
within a defined interval of scales, termed “scaling window,” in which 
the relationship between the observation scale and the measured size 
or length of the object can be established and defined as the fractal 
dimension [FD] [9]. The fractal dimension of a biological component 
remains constant within the scaling window, constitutes a numerical 
descriptor that measures qualitative morphological traits and self-
similar properties which in turn enables to quantify variations in 
length, area, or volume of irregular elements through changes of the 
measuring scale. It has been revealed that most biological elements, 
whether at cellular, tissue, or organ level, have self-similar structures 
within a defined scaling domain. However, concrete “fractality” exists 
only when the experimental scaling range encompasses at least two 
orders of magnitude, namely spans two decades on the logarithmic 
scale axis. Data spanning several decades of scale have been previously 
reported in many other fields: thus, defining a “scaling range” appears 
an inescapable requisite for assessing the fractality of every biological 
element. This emphasizes Mandelbrot’s statement “fractals are not a 
panacea; they are not every where” [2].

Cell membranes and organelles 
Application of fractal geometry to cell biology stemmed from 

the discovery that cellular membrane systems had fractal properties. 
What started it all was the uncertainty of observations regarding the 
extent of cell membranes in the liver, as findings from morphometry 
studies of liver cell membranes by various laboratories failed to match. 
This triggered much debate as to which of these estimates was correct, 
and whether liver cells contained  6 or 11 m2 of membranes per cm3, 
quite a significant difference. This raised doubts about the reliability 

of stereological methods, since they yielded conflicting results when 
measurements were made under different magnifications of the 
electron microscope. Ultimately, it was found that the estimates of 
surface density of liver cell membranes increased with increased 
resolution (Figure 1). Mandelbrot suggested that these results could be 
attributable to a scaling effect, analogous to the ‘‘Coast of Britain effect’’ 
[36] that explained why measurements of liver cell membranes at 
higher magnification yielded higher values than at lower magnification 
[39]. The scaling effect applies mainly to cellular membranes with a 
folded surface or an indented profile, such as the inner mitochondrial 
membrane or the rough endoplasmic reticulum (ER). In fact, the 
surface density estimate of rough membranes was found to be 
increased with increasing magnification, while the surface density 
measure of smooth outer mitochondrial membrane and smooth 
ER counterpart was only slightly affected by the resolution effect. 
Particularly at the electron microscopy level, the fractal analysis proved 
useful for an objective investigation of cell shape and cell phenotype, 
the fine cytoplasmic structures and the organization of cell membranes 
and nuclear components and other subcellular organelles, either in 
normal or pathological tissues and in cell cultures during time [40]. The 
fractal tool has also been employed to document the feasibility of using 
ultrastructural changes in cell surface and nuclear inter(eu)chromatin 
to assess the early phases of apoptotic cell death. Ultrastructural 
changes which involved a loss in heterochromatin irregularity due to 
its increased condensation (lower FD), were evident well before the 
detection of conventional cell markers, which were only measurable 
during the active phases of apoptosis [16]. Furthermore, the nuclear 
complexity of human healthy lymphocytes was shown to undergo a 
reduction of FD during the apoptotic process [17].

Membrane irregularities in leukemias and hematologi-
cal malignancies

The first application of fractal morphometry to non solid cancers 
came at early last decade of nine hundred century, when human 
leukemia cells of lymphoid and/or myeloid origin were characterized 
on electron microscopic images through quantitative measurement 
of membrane surface properties that could be correlated with specific 
phenotype markers [41] (Figures 2 and 3). Cells isolated ex vivo 
from the blood of humans with acute T-lymphoid leukemia revealed 
pericellular membranes with a nearly smooth outline as documented 
by fractal dimension values (FD: 1.10-1.11) significantly lower than 
those found  for  pericellular  membranes of healthy blood cirdulating 
cells. Indeed, healthy lymphocytes of B-cell lineage had a fractal 
dimension (FD: 1.20) significantly different from that of lymphocytes 

Figure 1. Changes of surface density estimates for outer and inner mitochondrial 
membranes with increased magnification. Reproduced from  Paumgartner et al. [39].
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of T-cell lineage, ie. CD4-T helper (1.17) and CD8-T suppressor (1.23) 
cells. Unexpectedly, strongly proliferating T-lymphoid leukemic cells 
were found to possess a plasma membrane characterized by a low FD 
value (1.10), close to the FD value measured on the plasma membrane 
of in vitro growing lymphoblasts derived from mature T-lymphocytes 
triggered by phytohemagglutinin (PHA), a mitogenic lectin. About 
80% of acute leukemia subtypes of the B-cell lineage (c-ALL and pre-B 
undifferentiated phenotype) showed plasma membranes with FDs 
ranging from 1.12 to 1.17, below the FD of the plasma membrane of 
differentiated B-lymphocytes. The remaining cases (20%) of acute 
lymphoblastic B-leukemia showed a more convoluted cell surface with 
FD values of up to 1.24. The increase in FD, together with the accentuated 
coarseness of the nuclear surface, reflects significant changes in the 
DNA methylation pattern usually localized in heterochromatin nuclear 
regions and therefore was regarded as a bad prognostic factor for these 
patients. Taking advantage of the probabilistic method developed for 
measuring the fractal dimension FD, it was attempted to define wether 
the cell surface contour of normal lymphocytes and of blasts from 
distinct lymphoid malignancies could be characterized by a self-similar 
behaviour, namely, by a uniform or a multiple fractal-based dimension. 
The fractal dimension FDq calculated for five different moments q in 
accordance to the method developed by Voss [42] gave the same value: 
hence the fractal behaviour of cell contour of elements with different 
origin turns out to be uniform while for a non-uniform fractal the 
moments may take different values, indicating that such an object 
is multi-fractal [41]. Remodelling of cell surface before cells enter a 
physiologic proliferation or undergo a malignant transformation was 
established in lymphocytes and in leukemia elements for some time 
[43]. It might occur by budding or shedding of microvesicles from 
their plasma membranes driven by a multiscale fractal mechanism of 
membrane microdomains extrusion (Figures 4A-4D). The usefulness 
of fractal analysis to assess the hematological cell phenotype and to 
define a clinical group was confirmed some 20 years later [44]. The 
analyse of nuclei contours of cells belonging to the B lineage, ie. normal 
lymphocytes and lymphoid cells isolated from patients with chronic 
lymphocytic leukemia (CLL), follicular lymphoma (FL), and diffuse 
large B-cell lymphoma (DLBCL) showed that the fractal dimension 
of perinuclear membranes were significantly different between the 
groups: reactive lymphocytes (FD= 1.20) were situated between CLL 
(FD=1.25) and normal cells (FD=1.13), while aggressive lymphoma 
cells had a significantly higher fractal dimension ranging from 1.23 
(FL) to 1.31 (DLBCL). By comparing data from the latter papers dealing 
with hematological malignancies it turned out that cells isolated from 
patients with different types of leukemia and/or lymphoma have 
nuclear chromatin with roughness or complexity (high FD value) 
increasing with increasing degrees of aggressiveness and malignancy, 
whereas pericellular membranes acted inversely and looked smoother 
(low FD value) in cells having a high degree of malignancy. One could 
infer that hematological tumors did not undergo uniform neoplastic 
transformations, but rather manifest metabolic and phenotypic 
changes that imply either an increasing or a decreasing complexity 
of the morphological surface and an altered organization of cell 
components mainly dependent upon the cytotype under investigation. 
This contrasts with the behavior of cell colonies of distinct breast 
cancer types and experimental tumors, which were observed to obey 
the same dynamics of proliferation and growth and display contours 
with self-similar fractal features when submitted to scaling analysis 
[45]. Measuring the FD of euchromatin and heterochromatin nuclear 
domains helped to discriminate lymphoid cells found in Mycosis 
fungoides from those in chronic dermatitis [25]. Cells from hairy-cell 

Figure 2. Electron microscopy view of a healthy human suppressor CD8-decorated 
T-lymphocyte  characterized by a wrinkled cell surface with a fractal Dimension of FD 
1.23. Magnification: 18400 X. Reproduced from Losa et al. [41]

Figure 4. [A]: Electron microscopy view of a membrane pellet obtained by 
ultracentrifugation of serum from a patient   with  Common Acute Lymphoblastic Leukemia 
[c-ALL ]. Magnification   82000X.
[B]: Freeze-fracture view  of membrane vesicles isolated by ultracentrifugation of culture  
medium of Nalm-1 ( a common acute lymphoblastic leukemia cell line). On freeze-fracture 
preparations, the fragments with a concave profile, corresponding to the external face of 
plasma membrane, displayed an intramembrane particle density  (range: 0-750 particles/
µm2) which is similar to that recorded on the corresponding face of intact Nalm-1 cells 
positive for the common acute lymphoblastic leukemia antigen  and of vesicles shed in the 
culture medium by Nalm-1 cells.  Magnification 64000X.  	
[C]: and [D]: Membrane fragments pelleted by ultracentrifugation of sera of two patients 
with c-ALL leukemia. These fragments were characterized by their concave faces  with a 
low intramembrane particle density but similar to the particle density recorded on concave 
face of intact Nalm-1 cells and Nalm-1 membrane vesicles. Mag nification 64000X. 
C: indicates the concave external face of Nalm-1 membrane vesicles. Pf: indicates the 
convex protoplasmic face of Nalm-1 membrane vesicles. ef: indicates the concave 
face of membrane fragments isolated from sera of patients with c-ALL leukemia. The 
intramembrane particle density was evaluated only on the concave face of membrane 
vesicles according to the method described in [49].  Figures 4 A, B, C, D  were reproduced  
from  [49] Losa  et al. Lab Investigation 1986; 55: 573-579.
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leukemia, a chronic type of human leukemia, with a highly convoluted 
plasma membrane morphology and a completely different surface 
phenotype, displayed the highest FD-values, namely between 1.32 and 
1.36 [41] (Figure 5). Fractal characteristics of chromatin, revealed by 
light or electron microscopy, have been extensively reported during 
the last 20 years. Fractal features can easily be estimated in digitalized 
microscopic images and are helpful for diagnosis and prognosis of 
neoplasias. High goodness-of-fit of the regression line of the FD is a 
favorable prognostic factor in acute leukemias and multiple myelomas. 
The nucleus has fractal and power law organization in several 
different levels, which might in part be interrelated. Some possible 
relations between modifications of the chromatin organization 
during carcinogenesis and tumor progression and an increase of the 
FD for stained chromatin are suggested. Fractal characteristics of 
nuclear chromatin were found to be independent prognostic factors 
in patients with multiple myeloma [46]. For some years an increasing 
attention is devoted toward the automated detection of leukemia cells 
and circulating blood cells from blood microscopic images. Features 
such as Hausdorff dimension, contour signature, shape and texture 
features were employed to classify blood lymphocytic cells into normal 
lymphocytes or lymphoblasts. An initial segmentation  was  performed  
using K-means clustering which segregates leukocytes or white blood 
cells (WBC) from other blood components i.e. erythrocytes and 
platelets. K-means data served to evaluate individual cell shape, texture 
and other features for final detection of leukemia, while fractal features 
were implemented for measuring perimeter roughness and hence 
classifying lymphocytic cell nuclei [47]. Another study of this indian 
group deals with a comparative approach to Acute Lymphoblastic 
Leukemia (ALL) detection, based on WBC nucleus image segmentation 
and morphological analysis. Color based clustering is employed for 
segregating various blood components and obtaining the nucleus of 
the white blood cells. Further fractal geometry, contour signature and 
texture based techniques are employed for nucleus feature extraction 
which leads to automatic leukemia detection using a Support Vector 
Machine(SVM) classifier [48]. During carcinogenesis and tumor 
progression, an increase of the fractal dimension (FD) of stained nuclei 
has been shown in intraepithelial lesions of the uterine cervix and the 
anus, oral squamous cell carcinomas and adenocarcinomas of the 
pancreas. Furthermore, an increased FD of chromatin is an unfavorable 
prognostic factor in squamous cell carcinomas of the oral cavity and 
the larynx, melanomas and multiple myelomas. It was also noticed that 

in aggressive neoplasias the raise of the chromatin structure complexity 
may often be accompanied by a loss of heterochromatin and a less-
perfect self-organization of the nucleus [49].

Conclusions
Irregularity and self-similarity under scale changes are the main 

attributes of the morphologic complexity of cells and tissues, both 
normal and pathologic. In other words, the shape of a self-similar 
element does not change when scales of measure change because any 
part of it might be similar to the original from which it derives. However, 
size and geometric parameters of an irregular object differ when 
inspected at increasing resolution that reveals more details. Significant 
progress has been made in understanding how to analyze irregular 
shapes and structures in biological and medical sciences thanks to 
the discovery of fractal geometry by Mandelbrot. The application of 
the principles of fractal geometry, unlike the conventional Euclidean 
geometry developed for describing regular and ideal geometric shapes 
practically unknown in nature, enables one to measure the fractal 
dimension, contour length, surface area, and other dimensional 
parameters of almost all irregular complex bodies and biological tissues. 
Hence the fractal dimension is a quantitative descriptor that can be 
used alone to identify morphological and ultrastructural features of cell 
components explicating distinct functional peculiarities. The fractal 
approach applied to measure contour and texture of nuclei, to evaluate 
the real spatial dimensions of cell surface membranes and intracellular 
organelles from isolated cells, including normal lymphocytes of distinct 
T and B lineages, lymphoma elements, acute lymphoblastic and 
myelogenous leukemia cells and other hematopoietic cells, has revealed 
its efficacity and led to reach the highly expected purpose, namely to 
reassess on a quantitative basis hematological cell phenotypes and an 
objective description of  leukemia diseases. 
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