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Abstract
Breast cancer is the most common malignancy among women, and although advances have been made in our understanding of its molecular and cell behaviour, it 
remains the second leading cause of cancer death. The need to find a new way of assessing the variability of human “anatomical forms” and their dynamical changes 
prompted us to discuss the helpfulness of Fractal Geometry as a means of investigating the non-Euclidean morphology of benign and malignant breast mammography 
lesions. This computer-aided quantitative approach may help to clarify concepts, indicate alternative experiments, and further categorise existing knowledge.
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Introduction
Despite years of intensive study that has been made in understanding 

women’s susceptibility to breast cancer, it remains a major cause of 
death worldwide [1,2]. 

Recent advances in the fields of cell and molecular biology 
have greatly accelerated research aimed at preventing and treating 
breast cancer, but a primary element involved in its diagnosis 
remains radiologists’ ability to interpret the information offered by a 
mammogram precisely [3-6]. Mammography is a widely diffuse and 
relatively inexpensive investigative approach, but the consequence of 
inadequate readings can be dramatic. Several factors may affect the 
subjective “interpretation” of a mammogram, including the subtle 
nature of radiographic findings, poor image quality, eye fatigue, and 
even simply oversight. Overcoming these problems requires not 
only technically advanced screening methods [7,8], but also answers 
to the still open question of what makes an “expert radiologist”. At 
a basic level, the practice of radiology involves looking at an image 
(i.e. visual perception) and interpreting what is seen (i.e. cognition), 
and experience gives a radiologist the perceptual and cognitive skills 
to know what information to look for and how to interpret that 
information on the basis of the accumulated information processed 
from previous encounters with similar images. But what makes the 
task extremely difficult is the fact that, although the “breast anatomy” is 
essentially the same from one image to another, there is a high degree 
of variability in both normal [9] and pathological morphology [10], 
and radiologists can never see all of the possible variations no matter 
how long they practice or how many images they see. The need to find 
a new way of observing and quantifying human anatomical forms 
and their dynamical changes prompted us to discuss the helpfulness 
of Fractal Geometry for investigating benign and malignant breast 
mammography lesions.

The non-euclidean geometry of breast lesions 
All tumours are classified as benign or malignant. The cells making 

up a benign tumour are characterised by an “expansive” growth 
pattern, show no tendency to invade the surrounding environment and 
never colonise other organs in the form of distant metastases. On the 

contrary, the absolute criterion of malignancy is “invasiveness”, which 
means that malignant tumours have an “infiltrative” growth pattern 
(i.e. malignant cells grow irregularly in the surrounding tissue) and, 
in many instances, the malignant cells can metastasise some distance 
from the primary growth.

The continuous generation of “unstable” irregular shapes 
throughout the progression of breast cancer has led us to define 
“breast lesions” as prototypic natural fractals [11]. Fractals are mainly 
characterised by: a) their irregular shape; b) their functional and 
morphological self-similarity; c) their fractional non-integer dimension; 
and d) scaling, which means that their measured properties depend on 
the scale or resolution at which they are measured [12,13]. 

The most important hallmark of natural fractals is their statistical 
self-similarity i.e. the small pieces making up natural objects are “kind 
of like” the whole [13]. Whereas mathematical fractals are invariant 
over an unlimited range of scales, natural entities are statistically self-
similar only within a fractal domain (i.e. “fractal window”) with upper 
and lower scaling limits, which must be experimentally established 
[14,15].

Dimension is a geometrical attribute that is mainly defined in two 
ways. The “topological” or “Euclidean dimension” assigns an integer to 
every point or set of points in Euclidean space (E): dimension 0 to a 
point, dimension 1 to a straight line, dimension 2 to a plane surface, 
and dimension 3 to a three-dimensional space. The second definition of 
dimension, or “Hausdorff-Besicovitch dimension” assigns a real number 
to every natural object in E, lying between the topological dimension 
1 and 3. 
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In 1975, Benoit Mandelbrot (1924-2010), best known as the 
“father of Fractal Geometry” introduced the symbol Dγ  to indicate 
the topological dimension and the symbol D to indicate the Hausdorff-
Besicovitch dimension [12]. Dγ and D coincide in the case of all of the 
Euclidean figures, whereas D is >Dγ in the case of fractal objects. 

On the basis of the above, two indices have been abstracted 
for investigating the irregular shape of benign and malignant 
mammography breast lesions:

a.	 The index of roundness (r), which can be obtained using the 
formula, 

r = 
A4

P 2

π
					                   (1)

where P is the length of the outer contour of the lesion, A its surface 
extension, and π the constant pi=3.14. The coefficient of roundness 
of circular objects is 1, whereas that of irregular shapes is r>1. The 
coefficient of roundness indicates a magnitude of the extent to which 
a breast lesion can be described in terms of a “regular rounded object” 
(Figure 1). In biological terms, it defines the “degree of expansiveness” 
of the lesion during the process of growth. 

b.	 The fractal dimension of the outer contour of a breast lesion. 
It can be obtained using the box-counting method [13], which applies 
the formula
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where D is the box counting fractal dimension of the object, ε is the 
side length of the box, and N(ε) is the smallest number of boxes of side 
ε required to cover the outer contour of the lesion completely. As the 
zero limit cannot be applied to biological objects, their dimension is 
estimated using the formula 

D = d 					                  (3)

where d is the slope of the graph of log {N(ε)} against log (1/ε). 

The dimension of the outer contour of a breast lesion provides an 
estimate of the space-filling properties of the tumour-environment 
interface (Figure 1). In biological terms, fractal dimension estimates 
the irregular spatial increase in cell proliferation and their invasion of 
the surrounding tissue.

The complex growth process of breast cancer 
In mathematical terms, breast carcinogenesis can be depicted as a 

non-linear process that advances in time through qualitatively different 
states and a number of transitions from one state to another over a 
certain time interval.

Although breast carcinogenesis is a continuum, pre-malignant 
states have been identified whose sequence has been used to describe 
tumour progression [16,17].

The continuous generation of unstable states during its progression 
has led us to introduce the following definitions:

a)	 The fractal kinetics of breast cancer, which investigates the 
temporal fractal changes of a breast lesion without considering the 
causes determining the changes.

b)	 The fractal dynamics of breast cancer, which investigates the 
temporal fractal changes of a breast lesion in relation to the causes 
determining the changes.

It has been proposed that cancer invasion may be described as a 
morphological instability that occurs during solid tumour growth [18], 
and that volumetric growth of a solid cancer depend on the surface 
extension [19]. This instability may be driven by any “physical” or 
“chemical” condition, provided that the average cohesion among 
neoplastic cells decreases and/or their adhesion to the stroma increases 
[18,20,21]. Anatomical systems exhibiting rough interfaces in their 
development process can be described by means of scaling analysis 
[22]. As a result of the fractal nature of the tumour-environment 
interface, the invasive front possesses a series of both spatial and 
temporal invariance, which provides the basis for scaling analysis [23]. 
All these invariance exhibit power law behaviour, and for each type of 
invariance a critical exponent can be defined as the power law exponent. 
The power law behaviour arises from the dependence of the interface 
roughness on the spatial and temporal scales.

On the basis of the above, breast carcinogenesis can be geometrically 
described using the power-law,

2/DAP β= 					                     (5)

where P and A are the outer contour perimeter and the surface extension 
of two-dimensional breast mammography lesions, respectively. In this 
approach, it can be assumed that sequential states of breast lesions 
growth are characterized by the same dimension D and constant β, i.e. 
they are statistically self-similar.

Conclusions
According to the Scottish biologist and mathematician D’Arcy W. 

Thompson (1860-1948), “it is in terms of greatness and direction that 
we have to report every conception of our forms. The form of an object 
is defined in fact when we know its greatness, absolute or relative, in the 
different directions” [24].

Shape is one of the most important features of every anatomical 
system, as it greatly influences its behaviour and its relationships with 
the surrounding environment [25]. 

One of the main issues when evaluating complex living forms 
and their changes is how to express them quantitatively. Although 
several numerical indices based on the Euclidean concepts have been 
introduced in the quantitative analysis of anatomical shapes, they 
remain extremely approximate because the “rigidity” of linear measures 
for describing natural objects whose main qualitative attribute is their 
irregular or fragmented shape. 
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Figure 1. Benign and malignant breast mammography lesions as computable morphological 
entities. Fractal Geometry may be a helpful tool for studying the irregular shapes of these 
lesions and their complex growth processes.
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We are also used to thinking that anatomical entities have a 
certain shape that is determined by a characteristic scale. If an object is 
magnified beyond this scale, no new features are revealed and, in order 
to measure its properties, we do so at a resolution that is finer than its 
characteristic scale. However, Mandelbrot brought to the attention the 
fact that natural entities simply do not have this preconceived form, 
and human beings have structures in space that cannot be characterised 
by a single spatial scale. 

The novelty of fractals lies in their infinite morphological 
complexity, which contrasts with the harmony and simplicity of 
Euclidean forms but matches the variety and wealth of complex natural 
forms.

In conclusion, we can resume that:

a) In accordance with its geometry, benign and malignant 
mammography lesions can be indexed by fractal parameters.

b) Studying the fractal dynamics of breast cancer may reveal 
intrinsic and extrinsic factors that influence its rough morphology and 
its complex growth process.

c) Applying even more sophisticate computer-aided algorithms 
may reduce the interpretative uncertainty underlying the radiologist’s 
subjective judgement. Additionally, modelling the growth and 
development of tumours with specialized algorithms, by combining 
mathematical tools to the biologic data is a burgeoning area of cancer 
research [26].

d) Describing breast lesions on the basis of Fractal Geometry 
may provide new theoretical foundations for the development of new 
experimental models that can be used in the fight against cancer.

It should be underlined that the above mathematical framework 
defines benign and malignant breast mammography lesions as 
computable morphological entities (Figure 1). This way of observing 
and quantifying benign and malignant breast mammography lesions 
may help to clarify concepts, interpret new and old experimental 
data, indicate alternative experiments, and further categorise existing 
knowledge.
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